
Overview

Spherical Harmonics (Yℓm(θ, ϕ))

Spherical harmonics are solutions to the angular part of Laplace’s equation in spher-
ical coordinates. They are expressed as functions of two angles, θ (colatitude) and ϕ
(longitude), and are represented as:

Yℓm(θ, ϕ) =

√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ)eimϕ,

where:

• ℓ is the degree, determining the overall scale of variation.

• m is the order, representing azimuthal variations.

• Pm
ℓ (cos θ) are the associated Legendre polynomials.

These functions form an orthonormal basis for functions defined on the surface of a
sphere and are widely used in fields such as quantum mechanics, geophysics, and astro-
physics to describe angular distributions.

Spin-Weighted Spherical Harmonics (sYℓm(θ, ϕ))

Spin-weighted spherical harmonics generalize the concept of spherical harmonics to de-
scribe fields that have intrinsic spin, such as the polarization of light or the gravitational
wave strain. These functions incorporate a spin-weight s, which represents how the field
transforms under rotations around the sphere.

The spin-weighted spherical harmonics are derived by applying spin-raising or spin-
lowering operators to the standard spherical harmonics:

sYℓm(θ, ϕ) =

√
(2ℓ+ 1)

4π
Dℓ

m,−s(ϕ, θ, 0),

whereDℓ
m,−s are the WignerD-functions, which describe rotations in quantum mechanics.

Connection to Gravitational Waves

Gravitational waves are ripples in spacetime caused by massive, accelerating objects,
such as merging black holes or neutron stars. These waves are typically decomposed into
modes defined on a spherical coordinate system centered on the source. Spin-weighted
spherical harmonics (s = −2) are used to describe these waves because the gravitational
wave strain is a spin-2 tensor field.

Decomposition of Gravitational Waves

Gravitational wave signals are often expanded into spin-weighted spherical harmonic
modes:

h(t, θ, ϕ) =
∞∑
ℓ=2

ℓ∑
m=−ℓ

hℓm(t) −2Yℓm(θ, ϕ),
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where hℓm(t) are the mode amplitudes, encoding the time-dependent information of the
wave. This decomposition separates angular and temporal components, making it easier
to analyze and visualize.

Visualization of Gravitational Waves Using Spherical Harmonics

• Angular Dependence: The spin-weighted spherical harmonics provide a natural
basis for visualizing how the gravitational wave strain varies across angles on a
spherical surface. The real and imaginary components of the harmonics encode
phase and amplitude information.

• Higher-Order Modes: In cases like asymmetric binary mergers or eccentric or-
bits, higher-order modes (ℓ > 2) become significant. Visualizing these modes gives
insight into the complexity of the source dynamics.

• 3D Representations: By mapping the strain h(t, θ, ϕ) onto a 3D sphere using
Cartesian coordinates, one can create striking visualizations that show how gravi-
tational waves propagate and interact with their environment.

Higher-Order Modes (HOM) and Their Importance in Gravita-
tional Wave Astronomy

Higher-order modes (HOM) of gravitational waves refer to contributions beyond the dom-
inant quadrupole (ℓ = 2,m = ±2) mode, typically arising in systems with asymmetries
such as unequal mass ratios, high orbital eccentricity, or precessing spins. These modes
provide vital insights into the complex dynamics of binary black hole mergers, including
enhanced sensitivity to the properties of the source, such as mass ratio, spin orientations,
and orbital configurations. The visualization of HOM is crucial for current gravitational
wave observations and for preparing for future missions like LISA, as it allows for a deeper
understanding of the underlying astrophysical phenomena and aids in the refinement of
waveform models used in data analysis pipelines. By incorporating HOM, we can im-
prove the accuracy of parameter estimation and enhance the detectability of signals from
distant and extreme sources.

Visualizing HOM provides an intuitive representation of how gravitational radiation
is distributed across angles and frequencies, enabling the exploration of unique features
like asymmetric radiation patterns and relativistic beaming. These visualizations are
pivotal for public outreach, education, and advancing our theoretical understanding of
strong-field gravity. My recent works on the visualization of gravitational wave modes,
including higher-order modes, demonstrate their utility in both theoretical and obser-
vational contexts . Such tools are instrumental in exploring complex waveforms, aiding
mission design, and preparing for the next generation of gravitational wave observatories.

Importance in Gravitational Wave Science

1. Source Characterization: The amplitudes and phases of different modes help
identify the properties of the source, such as mass ratios, spins, and eccentricities.
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2. Waveform Modeling: Accurate modeling of the angular dependence of gravita-
tional waves is essential for template generation in data analysis pipelines used by
detectors like LIGO, Virgo, and KAGRA.

3. Astrophysical Insights: Visualizing modes aids in understanding complex phe-
nomena, such as precession in spinning binaries or the role of asymmetries in grav-
itational wave emission.

4. Public Outreach and Education: Visualizations provide an intuitive under-
standing of gravitational wave physics, making this abstract field more accessible
to broader audiences.

Conclusion

Spherical harmonics and spin-weighted spherical harmonics are indispensable tools in
the visualization and analysis of gravitational waves. Their ability to describe angular
structures and encode spin-related transformations makes them vital for understanding
the rich dynamics of astrophysical sources and interpreting gravitational wave data.
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