Generalize ablastr::coarsen::average
for any staggering combination

December 11, 2023

1 Definitions

Define the following variables

e The staggering is a bit such that s = 0 for a cell-centered field, and s = 1 for a
nodal field.

o Let Scrsepes and Sginesye denote the staggerings for the coarse destination and fine
source fields, respectively.

e Let r denote the coarsening ratio. We will assume it is an integer satisfying » > 1.
o Let hersepes and Apinesre be the cell sizes for their respective grids.

e Let indices such as i, j, k be for the coarse destination array, and indices such as
ii, jj, kk be for the fine source array.

e Let ¢(x) be the field of interest, and let CrseDes; and FineSrcy be the arrays.

e Let w; 3 be the weight on the contribution to the coarse destination at index 4 from
the fine source at index ii. We have

iirnax.i
CrseDes; = E w; iFineSrc; (1)

where [iimin i, limax] 1S the range of non-zero weights, and n = iimax; — limins + 1 18
the number of non-zero weights.
2 Find source fine index ranges
Let (ii); be the midpoint of the fine source such that
CrseDes; = FineSrc (2)

Note that (ii); may not necessarily be an integer. Let us solve for (ii), in terms of the
staggerings.



The coarse destination and fine source arrays are related to the field by

1 - r
CI‘SGDQSZ' = QZ5 <SC10W + (Z + %)hCrseDes)

1—s ineSr
FineSrCﬁ = QZS <I10W —+ (11 + TFeSc)hFinesrc)
Note that the coarse and fine cell sizes are related by

hCrseDes = thineSrc

Thus we have
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Define the cutoff points that bound the midpoint of the fine sources as

o ( 1, .. ..
ugut)off,i = (<11>¢ + <H>ii1)

2
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These are integers if (Sginesrc — TScrsepes — 1) 18 even. The range is then

cutoff,i 9

.. o . SFineSrc — TSCrseDes — 1
s — H ) W it [ ineSre rseDes

.. () . SFineSrc — T"SCrseDes — 1
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3 Derive the weights

3.1 Conditions on the weights
The conditions on the weights can be listed as follows:

e Must sum to 1 for each destination index i:

Z Wi ii = 1 Y 1

e Charge conservation: the total weight on each source index ii must be equal:

Z 1 g
Wyjii = — A 11
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e Symmetric about (ii), as there is no preferred direction. This also makes the first

order error zero:

Wi i = Wi jj Vo oiLjj st ii4jj=2 <11>l

e Minimize the second order error for each i:

minimize Z w5 (i — (ii>i)2

ii
e Non-negativity for the sake of simplicity:

w;i > 0

which prevents complicated stencils based on canceling higher order errors.

3.2 Results

(16)

Given these conditions on the weights, one can show that the weights are given by the

following;:
If (SFineSrc — I'SCrseDes — ].) j.S even, then

SFineSre — T'SCrseDes — 1

iimin,i =7ri+
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.. . SFineSrc — T"'SCrseDes — 1
lpax = T+ 5 +r
n=r+1
]-/T iimin,i +1 S 1 S iimax,i —1
wigi = 1/(2r) il =iipm,; or il = limax,
0 else

If (Spinesre — TScrseDes — 1) 18 0odd, then

.. . SFineSrc — T'SCrseDes
Umin; = 71 +
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0 else

4 Special cases

In the following, let d = ScrseDes, S = Skinesre; ad Liin = lmin,i



4.1 Special case of r =1
If r =1, then in the four staggering cases we have
e d=0and s=0:
—(s—rd—1)=—1is odd
- ]minzri—i—%l:andn:r:
ed=0and s=1
— (s—=rd—1)=0is even
- [min:ﬂ—i-%:andn:r—i—lz
ed=1and s=0
— (s—rd—1)=—21is even
- ]minZTi+%=andn:r+1:
ed=1lands=1
— (s—rd—1)=—11is odd

—Imin:m'—l—%l:andn:r:

4.2 Special case of r =2
If r = 2, then in the four staggering cases we have
e d=0and s=0:
—(s—rd—1)=—1is odd
- ]min:ri—k%l:andn:?":
ed=0and s=1
— (s—=rd—1)=0is even
- Imin:rz'—l—%:andn:r—i—l:
ed=1and s=0
— (s—rd—1)=—-31is odd
- Imin:ri+%l:andn:r:
ed=1lands=1

— (s—rd—1)=—21is even

- ]minzTi—i-%:andn:rA—l:



